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Many cerium-based heavy fermion (HF) compounds have pressure-temperature phase dia-
grams in which a superconducting region extends far from a magnetic quantum critical point.
In at least two compounds, CeCu2Si2 and CeCu2Ge2, an enhancement of the superconducting
transition temperature was found to coincide with an abrupt valence change, with strong cir-
cumstantial evidence for pairing mediated by critical valence, or charge transfer, fluctuations.
This pairing mechanism, and the valence instability, is a consequence of a f − c Coulomb re-
pulsion term Ufc in the hamiltonian. While some non-superconducting Ce compounds show
a clear first order valence instability, analogous to the Ce α − γ transition, we argue that a
weakly first order valence transition may be a general feature of Ce-based HF systems, and
both magnetic and critical valence fluctuations may be responsible for the superconductivity
in these systems.
KEYWORDS: heavy fermion superconductors, mixed valence compounds, CeCu2Si2, CeCu2Ge2, supercon-
ductivity, fluctuations in superconductors, critical valence fluctuations, new paradigm
1. Introduction
A resurgence of interest in heavy fermion (HF) su-
perconductivity in the last few years has been strongly
driven by the discovery of a large number of new Ce
and U based intermetallic superconductors. Most anal-
yses of their behaviour have focused on the relationship
between superconductivity and magnetism, specifically
on the idea that superconductivity in these systems is
mediated by low energy magnetic fluctuations around a
so-called magnetic quantum critical point (QCP), where
a magnetic ordering temperature is driven to zero by an
external parameter such as pressure or chemical substi-
tution.
The aim of this article is to draw attention to an-
other phenomenon in Ce compounds, namely a weakly
first order valence instability also capable of generating
superconductivity. In this case the pairing is mediated
by the exchange of critical valence, or charge-transfer,
fluctuations (CVF).1) It is the view of the authors that
this scenario is of widespread importance, and must be
taken into account for a complete understanding of the
behaviour of all Ce-based HF compounds. We empha-
sise the heavy fermion nature of these superconductors;
those Ce compounds in which the f-electrons play little
role in their superconductivity do not concern us for the
purposes of this discussion.
We will start by a brief description of the super-
conducting pressure-temperature phase diagram of all
known Ce-based HF superconductors, followed by a dis-
cussion of the first order valence transition found in pure
Cerium and a few other of its compounds. After review-
ing the theoretical basis for CVF-mediated supercon-
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ductivity, we will look at one compound in particular,
CeCu2Si2, and show that there is very strong evidence for
such a mechanism in this system, and in its isoelectronic
sister compound CeCu2Ge2. Finally, we will discuss to
what extent there is evidence for similar behaviour in
other compounds.
2. Pea versus Potato
We can divide Ce-based HF superconductors into two
categories, characterised by the shape of their supercon-
ducting region in the pressure-temperature phase dia-
gram. We will call these two categories ‘pea’ and ‘potato’
(Fig. 1).
The first category contains those which show a small
dome of superconductivity, typically with a pressure
width of less than or equal to 1 GPa, symmetrically sit-
uated around the pressure Pc where the Ne´el temper-
ature TN tends to zero. This type of phase diagram is
expected in a spin fluctuation mediated scenario, where
the spin susceptibility diverges at the critical pressure Pc,
and the coherence length ξ of the Cooper pairs increases
with |P − Pc|. When ξ is less than the mean free path ℓ,
superconductivity can occur, leading to a dome-shaped
superconducting region around Pc (small and round, like
a pea).
In the second category, the ‘potatoes’, are compounds
whose superconducting pressure domains are much less
regularly shaped, typically having a higher maximum Tc,
which may not be situated exactly at Pc. Superconduc-
tivity in these compounds can be found over a much
broader pressure range than in the previous category,
often extending far from Pc.
Table I shows the classification of the known Ce-
based HF superconductors for which sufficient data un-
1
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Table I. Classification of Ce-based HF superconductors as indicated in text. Compounds marked * show traces of superconductivity.
N.b. there is insufficent pressure data to classify Ce2Ni3Ge5 and Ce2CoIn8.
‘Pea’ ‘Potato’
CeIn3,
7) CePd2Si2,
7) CeCu2Si2,
8) CeCu2Ge2,
9)CeNi2Ge2,
10)
CeRh2Si2,
11) CeCu5Au*
12) CeCoIn5,
13) CeRhIn5,
14) CeIrIn5,
14)
CeCu2*
15) Ce2RhIn8,
16) CeNiGe3,
17)
CePt3Si,
18) CeRhSi3,
19) CeIrSi3
20)
Fig. 1. Schematic pressure-temperature phase diagrams of two
classes of Ce-based HF superconductors. The ‘peas’ have a small
pocket of superconductivity centred on Pc (where TN → 0),
while the ‘potatoes’ have a large and asymmetrical supercon-
ducting region.
der pressure exist. Remarkably enough, the ‘potatoes’
outnumber the ‘peas’ by quite a considerable margin.
The phase diagrams were mostly determined by resis-
tivity. In CePd2Si2 for example, bulk superconductivity
was found by specific heat measurements only at exactly
Pc.
2)
In the spin-fluctuation scenario, the scale of Tc is set
by the characteristic spin-fluctuation temperature Tsf . In
addition, it has been suggested with respect to the Ce115
compounds CeCoIn5, CeRhIn5, and CeIrIn5, that the en-
hancement of Tc compared to CeIn3 is due to the quasi-
two dimensional character of these compounds.3–5) Con-
siderations of dimensionality are almost certainly very
important, but they do not resolve the question of the
nature of the pairing mechanism, since the effect applies
both to magnetic and density fluctuation mediated su-
perconductivity.6)
We emphasise again that in seeking an explanation for
the irregularly shaped superconducting regions found in
the majority of Cerium-based HF superconductors, mag-
netic fluctuations and dimensionality are not the only
items on the menu. Before considering a purely mag-
netic scenario, one must at least rule out the influence of
critical valence fluctuations.
3. Local versus Itinerant Cerium f Electron
The behaviour of Ce and its compounds is dominated
by its single 4f electron. It is rather loosely bound, and
can easily be promoted into the conduction band leav-
ing a non-magnetic Ce4+ ion, which has a smaller ionic
radius than the Ce3+ ion. Pressure therefore tends to
favour a Ce4+ configuration.
In the Ce3+ (trivalent) state the f electron is localised
and carries a magnetic moment, which can order mag-
netically, or be screened by conduction electrons via
the Kondo effect. In the trivalent state, pressure in-
creases the coupling J between the f and conduction
electrons, which tends both to promote the formation of
a Kondo-Yosida singlet, and to encourage magnetic or-
dering via the RKKY effect. The Kondo effect increases
more rapidly with J , so the overall effect is for mag-
netic order to be eventually suppressed, leading to the
aforementioned magnetic QCP where the ordering tem-
perature reaches zero.
Ce compounds at a given pressure can be classified
by the nature of the f-electron into two categories, often
referred to as the Kondo and valence fluctuation regimes
respectively:
(1) Ce3+, 4f1 localised. Magnetic moment pos-
sibly ordered and/or (partially) screened by
Kondo effect. Kondo temperature TK ∼ 10K.
Properties corresponding to a strongly corre-
lated electron system. Kadowaki-Woods ra-
tio21) A/γ2 ≃ 10−5[µΩcm mol2K2/J2].
(2) Ce(3+δ)+, 4f1 ⇋4f0+[5d6s], itinerant. TK
larger than or comparable to crystalline elec-
tric field (CEF) splitting. No magnetic or-
der. Intermediate valence. Kadowaki-Woods
ration A/γ2 ≃ 0.4× 10−6[µΩcm mol2K2/J2].
3.1 Ce α− γ transition
Cerium metal is well known for the first-order isostruc-
tural volume discontinuity, known as the α−γ transition,
in its pressure-temperature phase diagram. This corre-
sponds to a delocalisation of the Ce 4f electron, as de-
scribed above. In pure Ce, the transition itself is strongly
first order, with a large hysteresis, and a critical end point
at rather high temperature, around 600 K and 20 kbar,
with a large experimental uncertainty due to the nature
of the transition.22)
3.2 First order transition in cerium compounds
There are a small number of Ce compounds which also
show a first order valence transition, including CeNi,23)
CeP,24) Ce0.74Th0.2625) Ce(Rh0.69Ir0.31)Ge.
26) See also
ref. 27 and refs therein for a discussion of first order tran-
sitions in Ce, Yb and Eu chalcogenides and pnictides.
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These compounds are all notable for containing a high
atomic percentage of Ce, and hence a small Ce-Ce inter-
atomic separation. None of them display heavy fermion
superconductivity.
4. Theory of Valence Transition and Critical-
Valence-Fluctuation Mediated Superconduc-
tivity
The idea of CVF-mediated superconductivity and re-
lated anomalous phenomena can be backed up by a mi-
croscopic calculations on the basis of a generalized peri-
odic Anderson model (GPAM):1)
HGPAM =
∑
kσ
(ǫk − µ)c
†
kσckσ + εf
∑
kσ
f †kσfkσ
+V
∑
kσ
(c†kσfkσ + h.c.) + Uff
∑
i
nfi↑n
f
i↓
+Ufc
∑
iσσ′
nfiσn
c
iσ′ , (1)
where notations are conventional except for Ufc, the local
Coulomb repulsion between f- and conduction electorns,
which is a crucial ingredient for a sharp valence transi-
tion.
4.1 Critical-valence-fluctuation mediated superconduc-
tivity
In ref. 1, the model Hamiltonian (1) with a spheri-
cal conduction band (i.e., ǫk = k
2/2m− D, where D is
the Fermi energy of conduction electrons if it were de-
coupled from f-electrons) was treated by the mean-field
(MF) approximation in the slave bosons formalism (with
Uff → ∞) to discuss the possibility of valence transi-
tion, and by the Gaussian fluctuation theory around the
mean-field solution to discuss a possible superconducting
state. As shown in Fig. 2, the central results of ref. 1 are
summarized as follows:
1) Sharp valence change is caused by the effect of Ufc
with moderate strength, of the order of the Fermi
energy (D) of conduction electrons, when the f-level
ǫf is tuned to mimic the effect of the pressure.
2) The superconducting state is induced by the process
of exchanging slave-boson fluctuations for the values
of ǫf around which the sharp valence change occurs.
3) The symmetry of the induced superconducting state
is d-wave if a spherical model is adopted for con-
duction electron. However, as seen in the argument
below, anisotropic pairing is induced by the CVF
modes due to their almost local nature.
The peak of Tc occurs at ǫf slightly smaller than that
corresponding to the steepest slope of n¯f vs ǫf relation,
where n¯f denotes f-electron number per site and “spin”.
Since ǫf simulates the pressure variation, this aspect of
the pressure dependence of Tc reproduces well that ob-
served experimentally in CeCu2Ge2 under pressure.
9) It
is also remarked that a sharp change of n¯f is related to
that of the mass enhancement m∗/m by a canonical re-
lation in strongly correlated limit:28, 29)
m∗
m
=
1− n¯f
1− 2n¯f
, (2)
which in turn implies a drastic decrease of the coefficient
of the T 2-term of the resistivity A, because A is propor-
tional to γ2 ∝ (m∗/m)2.21, 30)
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Fig. 2. Tc for the d-wave channel and n¯f , f-electron number per
site and “spin”, as a function of ǫf . The total number of electrons
per site and “spin” is set as n = 0.875, and the c-f hybridization
is set as V = 0.5D. The unit of energy is given by D, the Fermi
energy of parabolic conduction band if it were decoupled from
f-electrons: the dispersion ǫk = k
2/2m − D is adopted for the
conduction electrons.
The ǫf -dependence of n¯f is smooth without Ufc, while
its dependence becomes steep as Ufc/D is increased to a
moderate strength of O(1). These results are consistent
with a physical picture that the rapid valence change oc-
curs at the condition ǫf+Ufcnc ≈ EF (the Fermi energy of
the f0-state) where the energy of the f0- and f1-state are
degenerate, leading to enhanced valence fluctuations. For
much larger values of Ufc/D or smaller values of V than
those presented in Fig. 2, there occurs a first-order like
discontinuous transitions although they are not shown
here. However, the valence change occurs more sharply
if we treat the problem in much more proper approxima-
tion on the extended Gutzwiller variational wave func-
tion.31)
It is remarked that Tc can exist only for the d-wave
(ℓ = 2) channel as far as the channels, ℓ = 0, 1 and 2,
are concerned. There exists a sharp peak of Tc at around
ǫf where n¯f starts to show a rapid decrease. Its tendency
becomes more drastic as Ufc/D increases, making the
valence change sharper. In the region where the f-electron
number n¯f is decreased enough, Tc is strongly suppressed.
This suggests that the CVF associated with the sharp
valence change of Ce ions is the origin of the pairing.
The pairing interaction Γ0(q) (= Vk,k′ with q= k−k
′)
is calculated by taking into account the Gaussian fluctu-
ations of slave bosons around the MF solution as men-
tioned above. The result is shown in Fig. 3 for the param-
eter set ε = −0.5D and Ufc = 0.9D.
1) One can see clearly
that the scattering process (f,f)→(f,c) or (f,c)→(f,f), in
which the valence of f-electrons is changed, plays a dom-
inant role. It is also remarked that Γ0(q) is almost q-
independent up to q ≃ (3/2)kF, reflecting the local na-
ture of the valence transition.
The reason why d-wave pairing can be realized is un-
derstood in the following way. While Γ0(q) is always
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Fig. 3. Pairing interaction Γ0(q)ρ(0), ρ(0) being the quasiparticle
density of states at the Fermi level.
positive and almost constant at 0 < q < (3/2)kF, giv-
ing a short-range strong repulsion, the sharp decrease
at q > (3/2)kF gives an extended attraction, leading to
pairing of non-zero angular momentum, such as ℓ = 1
and 2. One can see this more vividly by inspecting a real
space picture of the pairing interaction
Γ0(r) =
∑
q
Γ0(q)eiq·r. (3)
The result for Γ0(r) is shown in Fig. 4 for the same pa-
rameter set as Fig. 3. This clearly shows an existence of
the extended attraction together with the on-site strong
repulsion. If we assume kF ∼ π/a, a being the lattice con-
stant as in typical metals, the attraction works between
nearest neighbor sites. Then, according to the discussion
in ref. 32, pairing of d-wave symmetry is promoted. Pair-
ing with p-wave symmetry is also possible in principle in
this case because the attraction mediated by the valence
fluctuation has no spin dependence.
Fig. 4. Real-space pairing interaction Γ0(r)ρ(0). The parameter
set adopted is the same as Fig. 3.
Quite recently, Watanabe et al.33) reported results
on the density-matrix-renormalisation-group analysis for
the one-dimensional (1d) version of the model Hamilto-
nian (1) in which the conduction band is given as
ǫk = −t
∑
iσ
(c†iσci+1σ + c
†
i+1σciσ), (4)
where t is the nearest-neighbour hopping integral. For an
electron number 7/4 per site, V/t = 0.1 and U/t = 100, a
first order valence-transition line in Ufc-ǫf plane has been
determined, showing that the region of uniform phase
is stabilized and phase separation is suppressed due to
quantum fluctuations. By analysis of the exponent of the
long-range behaviour of correlation functions of inter-site
pairing, it has been shown that superconducting correla-
tions become dominant against charge and spin density
wave correlations near the QCP of the valence transition
in the region of uniform phase. This result supports the
overall picture of CVF-mediated unconventional super-
conductivity discussed in ref. 1.
4.2 T -linear resistivity and enhanced Sommerfeld coef-
ficient
Here we briefly discuss how a critical behavior of the
resistivity and the specific heat arises around the critical
valence transition at P = Pv. The local nature of the
pairing interaction can be seen also in the CVF spec-
trum. By exploiting this nature, the valence fluctuation
propagator χv (dynamical valence susceptibility) may be
parameterized as
χv(q, ω) ≡ i
∫ ∞
0
dteiωt〈[nf(q, t), nf(−q, 0)]〉 (5)
=
K
ωv − iω
, for q < qc ∼ pF (6)
where nf(q) is the Fourier component of the number
of f-electrons per Ce site, and the parameter ωv pa-
rameterizes the closeness to criticality. ωv is inversely
proportional to the valence susceptibility χv(0, 0) =
−(∂nf/∂εf)µ.
i mw
i ie wn m-ei n
q
p p-q ll
Fig. 5. Feynman diagram for the self-energy due to one-
fluctuation mode exchange process. λ denotes the coupling be-
tween the valence-fluctuation mode and the quasiparticles.
With the use of the propagator (6), it is a straightfor-
ward calculation to obtain a self-energy ΣRvf(p, ǫ + iδ) of
quasiparticle due to one CVF exchange process shown in
Fig. 4.2. It is reduced to simple forms in typical limiting
cases as follows:
In the case ǫ = 0, 0 < T ≪ ǫF, ǫF being the effective
quasiparticle Fermi energy,
ImΣRvf(pF, 0) ≃ −
|λ|2Kq2c
4π2v
{(
T
ωv
)2
, T ≪ ωv,
pi
2
T
ωv
, T ≫ ωv,
(7)
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where pF is the Fermi momentum, and in the case T = 0
and ǫ ∼ 0,
ReΣRvf(pF, ǫ) ≃ −
|λ|2Kq2c
2π2vF
ǫ
ωv
∫ 1
0
du
1− u2
u2 + 1
ln
∣∣∣∣ 1u
∣∣∣∣
∝ −
ǫF
ωv
ǫ, (8)
where vF is the Fermi velocity of quasiparticles, and K ∼
ǫFρ(0) has been used.
The result of eq. (7) for T ≫ ωv implies that almost
all the critical valence-fluctuation modes can be regarded
as classical at T > ωv, leading to the T -linear resistiv-
ity, because the quasiparticles are subject to large angle
scattering by the CVF modes which are effective in a
wide region in the Brillouin zone through the Umklapp
process.
Moreover, eq. (8) implies that an extra enhancement
of the Sommerfeld coefficient is expected other than that
of quasiparticles. Namely, γ/γ¯ ∝ ǫF/ωv where γ¯ is the
Sommerfeld coefficient enhanced by the local correlation
given by eq. (2). γ¯ is a sharply decreasing function of
the pressure (or εf) around P = Pv while a factor 1/ωv
has a sharp peak at P = Pv. Then the resultant γ at
low temperature should exhibit a sharp structure around
P = Pv.
4.3 Enhanced residual resistivity
The CVF can give rise to huge enhancement of the
residual resistivity ρ0 at around P ∼ Pv through a
many-body effect on the impurity potential. In the for-
ward scattering limit, this enhancement is proportional
to the valence susceptibility −(∂nf/∂ǫf)µ, where ǫf is the
atomic f-level of the Ce ion, and µ is the chemical poten-
tial.34) Physically speaking, local valence change coupled
to the impurity or disorder gives rise to the change of va-
lence in a wide region around the impurity which then
scatters the quasiparticles quite strongly, leading to the
increase of ρ0 (see Fig. 6). Thus the enhancement of ρ0
can be directly related to the degree of sharpness of the
valence change because the variation of the atomic level
ǫf is considered to be a smooth function of the pressure.
The critical pressure Pv is indeed defined by the maxi-
mum of ρ0.
Fig. 6. Schematic view of charge distribution of f- and conduc-
tion electrons around impurity: (a) at far from P ∼ Pv where
the effect of impurity remains as short-ranged so that the resid-
ual resistivity ρ0 is not enhanced; (b) at around P ∼ Pv where
the effect of impurity extends to long-range region, because the
correlation length ξv of valence fluctuations diverges as P → Pv,
leading to highly enhanced ρ0.
It is remarked that there are two kinds of impurity po-
tential for quasiparticles consisting mainly of f-electrons:
One is due to the disorder of non-f elements and an-
other is due to the defect of Ce ions. The former gives
essentially the Born scattering, while the latter causes
the scattering in the unitarity limit. Then the residual
resistivity is expressed as
ρ0 = ρ
Born
0 + ρ
unit
0 , (9)
where ρBorn0 is subject to huge enhancement by the CVF
and ρunit0 is essentially unaffected. Then, eq. (9) is ex-
pressed as
ρ0 = Bcimp|u(0)|
2 ln
∣∣∣∣
(
−
∂nf
∂ǫf
)
µ
/
NF
∣∣∣∣+ ρunit0 (10)
where cimp is the concentration of impurities with scat-
tering potential u(q), and the coefficient B depends on
the band structure of the host metals. The first term of
eq. (10) exhibits a huge enhancement at the critical va-
lence transition point where |(∂nf/∂ǫf)µ| diverges. This
huge enhancement should be compared to the moder-
ate enhancement around the magnetic quantum critical
point where the enhancement arises only through the
renormalization amplitude z, as discussed in ref. 35.
5. CeCu2Si2
The first heavy fermion superconductor to be discov-
ered, CeCu2Si2, is the archetypical ‘potato’. It has a very
irregularly shaped superconducting region under pres-
sure, with a large enhancement of Tc at around 3 GPa,
well away from the antiferromagnetic QCP, which is
thought to be at a small positive pressure pc of approx-
imately 0.1 GPa.36) CeCu2Si2 has been the subject of
intensive study by the authors, in which we showed that
the enhancement of Tc under pressure was linked to a
sharp Ce valence transition.8, 37–42)
The link between superconductivity and valence
change had been noted by Jaccard and coworkers since
the first measurements of CeCu2Si2 under high pressure
in 1984.43) The isostructural sister compound CeCu2Ge2
was shown to behave in a very similar way, with a shift
of around 10GPa corresponding to the larger atomic size
of Ge.9, 44)
Strong evidence for a sharp valence transition in
CeCu2Ge2 was presented by Vargoz et al.
9, 45) They
showed that the A coefficient of a Fermi-liquid fit to the
resistivity ρ = ρ0 + AT
2, when plotted against the low-
temperature maximum in resistivity Tmax1 showed the
expected relationship A ∝ (Tmax1 )
−2 in two regions, with
a rapid crossover between them. As Tmax1 ∝ TK ∝ γ
−1,
where γ is the electronic specific heat coefficient, this
corresponds to a crossover from the strongly correlated
to weakly correlated branch of the Kadowaki-Woods
plot.30) The maximum in Tc seemed to correspond to
the position of this crossover.
Motivated by these results, and by theoretical predic-
tions by Miyake and coworkers,1, 46) we (ATH and DJ)
carried out detailed measurements of resistivity and spe-
cific heat (by the ac calorimetry method) on a single
crystal sample of CeCu2Si2 in a solid helium pressure
medium up to nearly 7GPa.8) The use of helium ensures
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the most hydrostatic possible conditions at low temper-
ature, a feature of crucial importance given the rapidly
changing behaviour of CeCu2Si2 with pressure. Simulta-
neous measurements of resistivity and specific heat en-
abled us to verify the bulk nature of the superconduc-
tivity in the high pressure region, and identify the most
reliable criterion for defining Tc.
We identified a pressure Pv, at about 4.5 GPa, which
corresponds to a valence critical pressure. Around this
point there are a series of anomalies associated with a
delocalisation of the Ce 4f electron. Pv is slightly above
the pressure where Tc reaches a maximum, according to
both the theoretical prediction and our observations.
5.1 Indications of a Valence Instability
The drastic decrease of the A coefficient of resistivity,
and its change of scaling with respect to (Tmax1 )
−2 are
clear signs of the transition from a strongly correlated to
weakly correlated regime. Table II shows the complete
list of anomalies found around the valence instability in
CeCu2Si2 and CeCu2Ge2. Fig. 7 shows how the enhance-
ment of Tc, and the anomalies in ρ0 and γ correspond to
the change from a strongly to weakly correlated regime.
5.2 CeCu2(Si1−xGex)2
The existence of a second quantum critical point at
high pressure in CeCu2Si2 was given further backing by
Yuan et al.56) They doped the pure CeCu2Si2 system
with Ge (effectively applying negative pressure and in-
troducing disorder) and then applied pressure to come
back along the pressure/volume axis. For increasing pro-
portions of Ge, the superconductivity was weakened, and
for large enough x the superconducting region could be
split into two domes, near Pc and Pv respectively.
5.3 Valence fluctuation mediated superconductivity in
CeCu2Si2
Figure 8 shows the pressure variation of the supercon-
ducting transition temperature in CeCu2Si2 determined
by specific heat and resistivity. It is clear from this, and
Fig. 9, that the bulk transition temperature determined
from the specific heat coincides with the point at which
the resistance reaches zero. Over a large pressure range
the resistive transitions are very broad. This is often at-
tributed to pressure gradients in the cell; in this case,
however, as a helium medium was used the gradients
should be negligible.
The nature of the broad resistive transitions was inves-
tigated in detail at 1.78 GPa as a function of measure-
ment current and magnetic field, as shown in Figs. 10
and 11. Remarkably, the high temperature part of the
resistance drop disappears completely as the current is
increased, recovering a sharp transition. Applying a mag-
netic field has the opposite effect; the low temperature
part of the transition is rapidly suppressed with field,
while the upper part remains up to much higher fields.
There appear to be two distinct transitions, with differ-
ent Tc’s and hence critical fields. The current dependence
implies that the ‘high Tc’ superconductivity is of a fila-
mentary nature, so its critical current density is easily
exceeded. We should note that even the best samples,
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Fig. 7. Plotted against Tmax1 (defined in inset), a measure of the
characteristic energy scale of the system, are (a) the bulk su-
perconducting transition temperature, (b) the residual resistiv-
ity and estimate γ˜ of the Sommerfeld coefficient, and (c) the
coefficient A of the ρ ∼ AT 2 law of resistivity, including data
from CeCu2Ge2. Note the straight lines where the expected
A ∝ (Tmax1 )
−2 scaling is followed. The maximum of Tc coin-
cides with the start of the region where the scaling relation is
broken, while the maximum in residual resistivity is situated in
the middle of the collapse in A. Pressure increases towards the
right-hand side of the scale (high Tmax1 ). After ref. 8.
with the highest values of Tc, showed very broad resis-
tive transitions at certain pressures.
The enhancement of the residual resistivity at Pv will
be discussed in more detail below, but it reveals an-
other remarkable feature of the high pressure supercon-
ductivity in CeCu2Si2. In certain samples of CeCu2Si2,
the residual resistivity, while relatively large at ambient
pressure, reaches enormous values approaching the Ioffe-
Regel limit around Pv, i.e. the mean free path is of the
order of the lattice spacing.
Magnetically mediated superconductors such as
CePd2Si2 are notoriously dependent on sample quality,
superconductivity only appearing in the purest samples
with very small values of ρ0, of the order of a few µΩcm.
Fig. 12 shows two CeCu2Si2 samples with very different
residual resistivities, in which a nearly complete resistive
transition can be seen at 4.34 GPa despite a residual re-
sistivity of nearly 200µΩcm around Pv. This is probably
the most compelling evidence for a new mechanism of
superconductivity at high pressure in CeCu2Si2.
The superconducting transition temperature and pres-
sure range is highly sensitive to small uniaxial stresses.
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Table II. Anomalies in CeCu2Si2 and CeCu2Ge2 associated with valence transition, with references. Symbols explained in the text.
Part (i): Direct evidence for sudden valence change.
Part (ii): Anomalies explained theoretically by the GPAM1, 8, 34) (§4).
Part (iii): Other anomalies observed around crossover to intermediate valence with pressure.
CeCu2Si2 CeCu2Ge2
Ref. Ref.
(i)
Volume discontinuity - 47
LIII X-ray absorption 48 -
Drastic change of A by two orders of magnitude 8,9 9
Change of A ∝ (Tmax1 )
−2 scaling 8,9 9
(ii)
Maximum in Tc(P ) 8,43 49
Large peak in ρ0 8,9 9
Maximum in γ ≃ (CP /T ) 8,50 -
ρ ∝ T n from Tc < T < T
∗, with n(Pv) = 1 minimum 8,43, 51 9
(iii)
Sample dependence of Tc 8,9, 40, 43, 45, 52–54 9
Enhanced ∆CP
γT
∣∣∣
Tc
8 -
Resistivity and thermopower indicate Tmax1 ≃ T
max
2 9,51 9, 55
Broad superconducting transition widths ∆Tc 8,40, 43 9
0 2 4 6 8 10
0
1
2
8
7
9
6105
11
4
321
CeCu2Si2
T c
(K
)
P(GPa)
Fig. 8. Tc(P ) in CeCu2Si2 determined from resistivity and spe-
cific heat measurements. The triangles show Tc determined from
the onset of the resistive transition (T onsetc ), the squares show
its completion (TR=0c ), and the filled circles show the midpoint
of the specific heat jump. The numbers indicate the sequence of
pressures. The dotted line shows Tc determined by susceptibility
in a different sample, also in a helium pressure medium.52) After
ref. 8.
We investigated this effect by placing single crystal sam-
ples from neighbouring positions on the same source crys-
tal in a Bridgman anvil cell with their tetragonal c-axis
parallel and perpendicular to the force loading direction.
As this technique uses a solid steatite pressure medium,
there remains some non-hydrostatic component to the
stress inside the cell, which can be exploited as a qual-
itative control parameter. We showed39) that there is a
significant difference in Tc between the two orientations,
and that Pv is shifted to a higher pressure in the case
where the force loading direction is perpendicular to the
c-axis. This shows from an experimental point of view
that any considerations related to the anisotropy of a
2.38GPa
3.67 GPa
4.67 GPa
0.0 0.5 1.0 1.5 2.0 2.5
0
1
2
T(K)
C/
T
(ar
b.
un
its
) 0
20
40
r
(mW
cm
)
(a)
(b)
Fig. 9. Superconducting transition at three pressures in (a) re-
sistivity and (b) specific heat. Note the width of the resistive
transitions, and the fact that the start of the jump in specific
heat coincides with the completion of the resistive transition.
After ref. 8
system must also be taken into account in the case of
CVF-mediated superconductivity.
5.4 Normal state properties of CeCu2Si2 around Pv
Three key properties of the normal state in CeCu2Si2
show characteristic behaviour at the valence instability
Pv: the residual resistivity ρ0, the power-law behaviour
of the T-dependence of the resistivity, and the Sommer-
feld coefficient of the electronic specific heat capacity γ.
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Fig. 10. At 1.78GPa, the resistive transition in CeCu2Si2 is very
broad, and appears to have two distinct resistance drops. By
increasing the measurement current, the upper part of the tran-
sition is supressed, and a sharp transition comparable to that
close to ambient pressure is recovered. Note that the pressure
gradient is negligible, so the broad transitions are intrinsic to
the sample.
Fig. 11. By applying a magnetic field, the lower part of the resis-
tive transition is supressed more rapidly than the upper part.
These will be discussed in the next section.
A key prediction of the GPAM is the enhancement of
impurity scattering around the valence instability dis-
cussed in §4.3. This can be thought of as an impurity
nucleating a change of valence in the Ce atoms surround-
ing it, thereby inflating its scattering cross-section, and
hence the residual resistivity, as given by eq. (10).
Fig. 13 shows the pressure dependence of ρ0 in a num-
ber of different CeCu2Si2 samples, which can all be scaled
on to the same Lorenzian curve by a simple linear trans-
formation. This scaling behavior of ρ0 would be possible
if the universal form is given by ln |(−∂nf/∂ǫf)µ/NF|.
It should be noted that the impurity contribution to
the resistivity has a negative temperature dependence, a
fact especially evident at very high pressure where the
A-coefficient of the resistivity becomes small. Even in
samples with a small ρ0 this can cause problems when
fitting power laws to the resistivity in the region above
Pv.
Due to the localised nature of the critical valence
fluctuations, the quasiparticle scattering is nearly q-
1 10 100
0
100
200
300
0 GPa
4.34 GPa
CeCu2Si2 #50
 #571
 
 
(
cm
) 
T(K)
Fig. 12. Resistivity at ambient pressure and close to Pv of two
polycrystalline CeCu2Si2 samples prepared by Ishikawa. Note
the large increase in residual resistivity under pressure combined
with a nearly complete resistive transition. After ref. 41
0
50
100
150
200
0 2 4 6 8 10
P (GPa)
Lorentzian fit
a
´
(
r
0
-
m
W
)
(
cm
)
r
0
*
He 5.33 2.49
C1 6.75 8.29
C2 15.03 5.86
S1 1.00 8.06
S2 13.96 5.60
a r
0
*
Fig. 13. Enhancement of residual resistivity in several different
CeCu2Si2 samples, scaled to a universal pressure dependence,
with a and ρ∗0 being normalizing factors. The maximum in ρ0
is at a pressure slightly higher than that corresponding to the
maximum in Tc. After ref. 8.
independent, leading to a linear resistivity, implied by
eq. (7). Fig. 14 shows the resistivity at a pressure very
close to Pv, where a strictly linear temperature depen-
dence is observed over a broad temperature range.
The electronic specific heat coefficient γ, and hence
the effective mass m∗/m, can be estimated by follow-
ing the calorimetric signal C/T , at a fixed temperature
and measurement frequency above the superconducting
transition, though this includes constant or slowly vary-
ing addenda from the helium, diamonds etc. Figure 15
shows the estimate γ˜(P ), along with the value deduced
from measurements of the upper critical field.50) A single
constant scale factor has been introduced, showing that
the two curves can be superimposed. There is a clear
anomaly in γ˜ at 4 GPa (just below the pressure corre-
sponding to Tmaxc ), superimposed on a constant reduc-
tion with pressure. The effective mass is also reflected in
the initial slope of the upper critical field H ′c2(Tc), which
in our sample also had a maximum at the same pressure
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n
Fig. 14. Linear resistivity ρ− ρ0 ∝ T is found over a broad tem-
perature range at pressures close to Pv. The inset shows the
result of a power law fit at different pressures between Tc and
4.2 K.
as the peak in γ˜. Equation (8) implies an enhancement
of γ at Pv due to critical valence fluctuations; combined
with a monotonic reduction in effective mass due to the
rapid change of nf with pressure, this leads to a peak in
γ observed slightly below Pv.
0 1 2 3 4 5 6 7
0.0
0.5
1.0
P (GPa)
g fromHc2 (Vargoz et.al.)
g
( )
/
P
g
(
)
P=
0
g (2K) from Cp/T (scaled)
~
~
~
~
Fig. 15. Estimate γ˜(P ) of the Sommerfeld coefficient from a.c.-
calorimetry signal at 2 K (triangles), scaled for comparison with
that deduced from Hc2 measurements (squares).50) The noise on
the calorimetry signal is smaller than the symbol size, however
see ref. 8 for a discussion of possible systematic errors.
6. Other Candidates for Critical Valence Fluc-
tuation Mediated SC
After CeCu2Si2 and CeCu2Ge2, the next strongest
candidates for CVF mediated superconductivity are
probably the Ce115 compounds. Between them they
show a number of the properties discussed above, namely
linear resistivity in CeCoIn5,
57) and linear resisity and a
pressure-induced maximum of ρ0 in CeRhIn5.
58, 59)
CeIrIn5 is probably the strongest candidate for a CVF
mediated superconductor at ambient pressure. Pressure
studies on CeRh1−xIrxIn5 have showed that the super-
conducting region can be split into two distinct pockets,
T2
max
SC II
r ~ T
Pc
Pv
T
( K
)
CeCu2Ge2 P (GPa)
CeCu2Si2 P (GPa)
0 10 20
0 105
T1
max
T
N
1
10
100
SC III?
SC I
AF
Fig. 16. Schematic P -T phase diagram for CeCu2(Si/Ge)2 show-
ing the two critical pressures Pc and Pv. At Pc, where the antifer-
romagnetic ordering temperature TN → 0, superconductivity in
region SC I is mediated by antiferromagnetic spin fluctuations;
around Pv, in the region SC II, valence fluctuations provide the
pairing mechanism and the resistivity is linear in temperature.
The temperatures Tmax1 , and T
max
1 , merge at a pressure coincid-
ing with Pv. The dashed line represents a hypothetical (weakly)
first order valence transition with a critical end point close to
zero temperature.
with a cusp-like minimum of Tc at around x = 0.9.
60)
115In-NQR measurements of stoichiometric CeIrIn5 un-
der pressure showed that while Tc increased under pres-
sure, reaching Tmaxc ≃ 1 K at 3 GPa, more than twice
its value at ambient pressure, the nuclear-spin-lattice-
relaxation rate (1/T1) was found to decrease monoton-
ically with pressure. This indicates that the antiferro-
magnetic spin fluctuations are decreasing with pressure,
while the superconductivity is strengthening.
The cases of PuCoGa5
61) and PuRhGa5
62) are also
very intriguing. They become superconducting at the
comparatively high temperatures of 18 K and 9 K re-
spectively. Pu metal itself has very rich phase diagram
whose origin may be traced back to the fact that the
5f electrons in Pu are located near the boundary be-
tween the localized state with nearly an integral va-
lence and the itinerant state with a fractional valence.
There exists some circumstantial evidence to support the
possibility of CVF-mediated superconductivity in these
compounds. The ratio A/γ2 of the Pu115 compounds
(A/γ ∼ 2×10−6[µΩcm mol2K2/J2] for PuCoGa563)) lies
between that of strongly and weakly correlated metals.
This suggests that Pu115 compounds are not strongly
correlated metals but depend on the valence fluctua-
tions of the Pu ion, although the Sommerfeld coefficient
γ ∼ 95[mJ/K2mol] is moderately enhanced.
There are other examples among the ‘potato’ com-
pounds mentioned above, such as the two separate domes
of superconductivity in the phase diagram of CeNi2Ge2,
and broad resistive transitions and apparent enhance-
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ment of ρ0 under pressure in CeNiGe3, but these have
not been studied in so much detail.
In CeCu2Si2 and CeCu2Ge2 the two critical pressures
Pv and Pc corresponding to the magnetic and valence in-
stabilities are well separated. It may be the case in other
systems, however, that Pv∼Pc, or even Pv<Pc. There
is a clear need for some sort of ‘smoking gun’ to dis-
tinguish between valence and magnetically mediated su-
perconductivity. Both are predicted to be d-wave, but
knowledge of the precise gap symmetry, though very dif-
ficult to determine under pressure, may be the key to
distinguishing these two mechanism.
7. Conclusions
Ce metal and a small number of its compounds
show a first order valence transition in their pressure-
temperature phase diagrams. We contend that an analo-
gous first-order or nearly first order transition is present
in many Ce compounds, and in certain circumstances,
fluctuations around its critical end point can mediate
superconductivity.
CeCu2Si2 has been shown almost unambiguously to
have a region of superconductivity at high pressure me-
diated by such critical valence fluctuations, close to a va-
lence instability at a pressure around 4.5GPa. There are
a number of anomalies in the normal state around this
pressure which can be tied to an abrupt delocalisation of
the Ce 4f electron.
A majority of the other known Ce-based HF supercon-
ductors have characteristics which cannot be explained
purely in a spin fluctuation mediated scenario. The pres-
ence of a valence instability in these compounds may be
quite general, and the key to a more complete under-
standing of their behaviour.
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